High-precision magnetic field measurement is an ubiquitous issue in physics and a critical task in metrology. Generally, magnetic field has DC and AC components and it is hard to extract both DC and AC components simultaneously. The conventional Ramsey interferometry can easily measure DC magnetic fields, while it becomes invalid for AC magnetic fields since the accumulated phases may average to zero. Here, we propose a scheme for simultaneous measurement of DC and AC magnetic fields by combining Ramsey interferometry and rapid periodic pulses. In our scheme, the interrogation stage is divided into two signal accumulation processes linked by a unitary operation. In the first process, only DC component contributes to the accumulated phase. In the second process, by applying multiple rapid periodic π pulses, only the AC component gives rise to the accumulated phase. By selecting suitable input state and the unitary operations in interrogation and readout stages, and the DC and AC components can be extracted by population measurements. In particular, if the input state is a GHZ state and two interaction-based operations are applied during the interferometry, the measurement precisions of DC and AC magnetic fields can approach the Heisenberg limit simultaneously. Our scheme provides a feasible way to achieve Heisenberglimited simultaneous measurement of DC and AC fields. J m=−J C m J 2 J [(−1) m + 1]|J, m − 1 √ 2 [cos(B 1 JT 1 ) sin(B 2 JT 2 /π) + i sin(B 1 JT 1 ) cos(B 2 JT 2 /π)] J m=−J C m J 2 J [(−1) m − 1]|J, m = 1 √ 2 {cos(B 1 JT 1 )[cos(B 2 JT 2 /π) − sin(B 2 JT 2 /π)] − i sin(B 1 JT 1 )[cos(B 2 JT 2 /π) + sin(B 2 JT 2 /π)]} J m=−J C m J 2 J (−1) m |J, m + 1 √ 2 {cos(B 1 JT 1 )[cos(B 2 JT 2 /π) + sin(B 2 JT 2 /π)] + i sin(B 1 JT 1 )[cos(B 2 JT 2 /π) − sin(B 2 JT 2 /π)]} J m=−J C m J 2 J |J, m .
I. INTRODUCTION
The high-precision measurement of weak magnetic fields is an important problem in diverse areas ranging from fundamental physics [1] [2] [3] [4] [5] [6] [7] and material science to geographic metrology and biomedical sensing [8] [9] [10] [11] [12] . Utilizing the well-developed Ramsey techniques, the DC magnetic fields can be detected with ultra-high sensitivity. While for AC magnetic field measurement, only using Ramsey techniques becomes invalid and various methods of modulation should be employed. Dynamical decoupling (DD) method, originated for protecting qubits from decoherence, is one of the effective methods for detecting alternating signals [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . For example, using a single π-pulse (spin-echo) or a multi-π-pulse sequence in the interrogation process in nitrogen-vacancy-based experiments [27] [28] [29] , the AC magnetic fields can be effectively detected with high sensitivity. So far, most studies on magnetic field measurement focus only on DC or AC component, which belongs to a single-parameter estimation problem. However, in practical scenarios, the magnetic field may have both DC and AC components. Therefore, simultaneously estimating the DC and AC magnetic fields becomes a challenge [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] .
On the other hand, it is well known that quantum multi-particle entanglement can offer a significant enhancement of measurement precision over individual particles [40] [41] [42] [43] . For N individual particles, according to the central limit theorem, the measurement precision only scales as the standard quantum limit (SQL), i.e., * Email: hjiahao@mail2.sysu.edu.cn, eqjiahao@gmail.com † Email: lichaoh2@mail.sysu.edu.cn, chleecn@gmail.com ∝ 1/ √ N . However, the SQL can be surpassed by using specially manipulated particles with entanglement. Especially, by inputting the Greenberger-Horne-Zeilinger (GHZ) state into the interferometry, the measurement precision can be improved to the Heisenberg-limited scaling, i.e., ∝ 1/N [44] [45] [46] [47] [48] [49] [50] . Quantum-enhanced magnetometers have been proposed and realized in various systems, including nitrogen-vacancy defect centers [51] [52] [53] , Bose-Einstein condensates [55] [56] [57] [58] [59] [60] [61] [62] [63] , trapped ions [64, 65] , solid-state spin systems [66] [67] [68] [69] .
Recently, a protocol about how to perform Floquet enhanced measurements of an AC magnetic field in Isinginteracting spin systems is presented [70] . In this scheme, a multi-π-pulse sequence is applied and the Heisenbergscaled measurement precision of AC magnetic field is demonstrated by preparing the GHZ state via adiabatic driving [45, [71] [72] [73] . However, this scheme requires a single-particle resolved detection.
Based on these, it is natural to ask: (i) Can one combine Ramsey interferometry and DD method to estimate DC and AC magnetic fields simultaneously? (ii) Can the measurement precisions simultaneously surpass the SQL or even attain the Heisenberg limit by employing quantum many-body entanglement? (iii) If the Heisenberglimited measurements are available, can the realization be accomplished without single-particle resolved detection? In this article, we propose a scheme for estimating DC and AC magnetic fields simultaneously by combing Ramsey interferometry and periodic modulation. Our scheme contains three stages: initialization, interrogation, and readout. In particular, the interrogation process is divided into two signal accumulation processes and a unitary operation. In the first signal accumulation process, no operations is applied and only the DC compo-nent is imprinted onto the accumulated phase. In the second signal accumulation process, a periodic π-pulse sequence is applied, and only the AC component contributes to the accumulated phase. By extracting the total accumulated phase, the DC and AC components can be inferred respectively. We find that, if the initial state is prepared as a GHZ state, and applying suitable interaction-based operations in interrogation and readout stages [58] [59] [60] [61] [62] [63] [74] [75] [76] [77] [78] , both the measurement precisions of DC and AC components can exhibit the Heisenberglimited scaling simultaneously. Our scheme may open up a feasible way for measuring DC and AC magnetic fields simultaneously at the Heisenberg limit.
This paper is organized as follows. In Sec. II, we introduce our scheme on simultaneous measurement of DC and AC magnetic fields. In Sec. III, within our scheme, we study three different interferometry processes in detail with individual particles as well as entangled particles. The measurement precisions of DC and AC magnetic fields via three different interferometry processes are analytically obtained. Finally, we give a brief summary in Sec. IV.
II. GENERAL SCHEME
Our protocol of simultaneous measurement of DC and AC magnetic fields is presented below. We consider an ensemble of two-mode bosonic system with N particles coupled to an external magnetic field
Here, ω s corresponds to the oscillation frequency (which is assumed known). B 1 and B 2 respectively stand for the strengths of DC and AC components to be measured. The two modes can be suitably selected as two magnetic levels, and hereafter we label them as spins |↑ and |↓ , respectively. The N spin-1/2 bosonic system can be well characterized by the collective spin operatorŝ
, whereâ andb denote annihilation operators for spins |↑ and |↓ , respectively. The system state can be represented in terms of Dike basis {|J, m } with J = N 2 and m = −J, −J + 1, ..., J + 1, J. Thus, the Hamiltonian describing the system coupled to the external magnetic field B(t) can be expressed aŝ
Our goal is to measure the two parameters B 1 and B 2 simultaneously. The scheme on simultaneous measurement of B 1 and B 2 can be divided into three stages: (i) initialization, (ii) interrogation, and (iii) readout, see Fig. 1 . Throughout this paper, we assume all time-evolution processes are unitary and set = 1. In the initialization stage, a suitable input state |Ψ In is prepared. Then, the input state undergoes an interrogation stage for signal accumulation. At the start of this stage, the system interacts with the . Protocol of simultaneous measurement of DC and AC magnetic fields. The scheme consists of three stages: initialization, interrogation, and readout. First, the system is initialized in a desired input state. Then, the interrogation stage is divided into two signal accumulation processes and a unitary operationÛ1. In the former accumulation process, the information of DC component can be encoded in the accumulated phase φDC. While for the latter accumulation process, a sequence of π pulses (denoted by thin red lines) are applied at every node of the external magnetic field (denoted by yellow line) to imprint the information of AC component into φAC . Finally, an operationÛ2 is performed for recombination before the readout stage, and the two parameters can be extracted from half-population difference measurement.
magnetic field for a duration T 1 and a unitary operation U 1 is performed. Then, a multi-π-pulse sequence is successionally applied at every node of the magnetic field. The periodic multi-pulse sequence is locked resonantly to the AC component with frequency 2ω s , and the system evolves for a duration T 2 . In the final readout stage, another unitary operationÛ 2 is applied for recombination, and the half-population difference measurement is implemented to extract the information of the parameters B 1 and B 2 .
The key for simultaneous measurement of DC and AC magnetic fields is the interrogation stage. At this stage, there are two signal accumulation processes.
For the first signal accumulation process, the system is exposed under the magnetic field for a duration T 1 without any operations. Here, the duration T 1 should be properly chosen as T 1 = 2πn/ω s with n being an integer. In this case, the AC component will have no contribution to the accumulated phase since T1 0 B 2 sin(ω s t)dt = 0. On the contrary, the DC component will give rise to an accumulated phase φ DC proportional to B 1 T 1 .
For the second signal accumulation process, a multiπ-pulse sequence is applied. The π pulses (i.e.,P π = e −iπĴx ) flip the spin states (|↑ → |↓ and |↓ → |↑ ). The effect of a π pulse corresponds to the transformation J z → −Ĵ z onto the instantaneous Hamiltonian. Thus, when the π pulses are applied at every node of the magnetic field, the effect of the AC component will lead to an accumulated phase φ AC . The periodic multi-π-pulse sequence will effectively give rise to a non-zero timeaveraged signal strength 2B 2 /π for each half-cycle, and the accumulated phase φ AC is proportional to
At the same time, the multi-π-pulse sequence will cancel out the influences of the DC component, which is similar with the principle of spin echoes. In this way, the strength of the AC component can be encoded in the accumulated phase φ AC .
One can also use effective Hamiltonians to describe the signal accumulation stage [79, 80] . For the former one (duration T 1 ), the time-averaged magnetic field comes from the DC component, and the effective quasi-static Hamiltonian reads,Ĥ eff1
For the latter one (duration T 2 ), the time-averaged magnetic field comes from the AC component, and the effective quasi-static Hamiltonian becomes,
In order to distinguish the two accumulated phases φ DC and φ AC , one needs to rotate the state in the middle of the interrogation stage. The selection of unitary operationÛ 1 depends on the input state and will have influences on the final measurement precisions, which will be discussed in the next section.
The output state after the interrogation stage can be expressed in the form of
Finally, in the readout stage, another unitary operationÛ 2 is performed on |Ψ Out for recombination. Thus, the final state before half-population difference measurement can be written as
The final state contains the information of the estimated DC and AC magnetic field strengths B 1 and B 2 . According to the quantum estimation theory, the measurement precisions of the estimated parameters can be given according to the error propagation formula,
Here, (∆Ĵ z ) f and Ĵ z f are respectively the standard deviation and expectation ofĴ z in the form of
with
In the next section, we will discuss how to realize the Heisenberg-limited simultaneous measurement of B 1 and B 2 within this framework.
III. MEASUREMENT PRECISIONS
In the following, we illustrate how to simultaneously estimate the two parameters and give the measurement precisions under three scenarios. For individual particles without entanglement, the measurement precisions for the two parameters can just approach SQL. For entangled particles in GHZ state, the measurement precision of DC component can attain Heisenberg limit by using interaction-based readout. Further, if another interaction-based operation is performed in the interrogation stage, the measurement precisions of DC and AC components can both exhibit Heisenberg scaling simultaneously.
A. Individual particles
We first consider individual particles without any entanglement. Suppose all the particles are prepared in the spin coherent state (SCS) |Ψ SCS = e −i π 2Ĵ y |N/2, −N/2 . This input state can be easily generated by applying a π/2 pulse on the state of all particles in spin-down |↓ . In this situation, one can chooseÛ 1 =Û 2 = e −i π 2Ĵ y . Then, the final state before the half-population difference measurement can be written as
In an explicit form, the final state becomes (See Appendix A for derivation)
where C m J = (2J)! (J+m)!(J−m)! is the binomial coefficient. After some algebra, the expectations of half-population dif-ference and the square of half-population difference on the final state can also be explicitly written as
From Eq. (11), it is found that the information of the estimated two parameters B 1 and B 2 can be inferred from the bi-sinusoidal oscillation of the half-population difference. In our calculation, the durations T 1 and T 2 are set to be the same for convenience, i.e., T 1 = T 2 . Thus, one can obtain the two main oscillation frequencies B1 2 + B2 π and B1 2 − B2 π by fast Fourier transform (FFT), and further extract the values of B 1 and B 2 . However, the oscillations are independent on the total particle number N .
FIG. 2. (color online)
. FFT spectra and measurement precisions with individual particles underÛ1 =Û2 = e −i π 2Ĵ y . The FFT spectra of half-population measurement Jz f for total particle number N = 10 with (a) B1 = 10, B2 = 1 and (b) B1 = 10, B2 = 10. Here, T1 = T2 = 1. The two main oscillation frequencies are very close to B 1 2 + B 2 π and B 1 2 − B 2 π . The variations of measurement precisions (c) ∆B1 and (d) ∆B2 with B1 and B2 for total particle number N = 100.
In Fig. 2 (a) and (b), the FFT spectra for N = 10 with different B 1 and B 2 are shown. The numerical results perfectly agree with our theoretical predictions. This imply that the values of B 1 and B 2 can be simultaneously obtained only by the half-population difference measurement.
Substituting Eq. (11) and Eq. (12) into Eq. (5), one can analytically obtain the measurement precisions ∆B 1 and ∆B 2 . However, the explicit forms are too cumbersome and therefore we only show the numerical results.
In Fig. 2 (c) and (d) , how the measurement precisions ∆B 1 and ∆B 2 change with B 1 and B 2 are shown. According to our results, we find that the optimal measurement precision ∆B min 1 located at B 1 T 1 = kπ and B 2 T 2 = (2k + 1)π 2 /4 with k an integer, and the optimal measurement precision ∆B min 2 located at B 1 T 1 = (1/2 + k)π and B 2 T 2 = kπ 2 /2. Since the input state is not entangled, both ∆B min 1 and ∆B min 2 cannot surpass the SQL as expected. For parameter B 1 , the optimal measurement precision saturate the SQL. For parameter B 2 , the optimal measurement precision is a bit worse than the SQL, which is multiplied by a factor 2 π , as shown in Fig. 5  (circles) .
Further, to find out the optimal measurement precision for estimating the two parameters B 1 and B 2 simultaneously. We minimize the sum of the variance ∆ 2 B 1 + ∆ 2 B 2 , and denote the corresponding measurement precision for the two parameters as ∆B sim 
B. Entangled particles with one interaction-based operation
Entanglement is an effective quantum resource to improve the measurement precision. For single parameter estimation, by employing GHZ state as the input state, the measurement precision can be improved to the Heisenberg limit. Here, we try to use an input GHZ state to perform the simultaneous measurement. We choose a π/2 pulseÛ 1 = e −i π 2Ĵ y in the interrogation stage and an interaction-based operationÛ 2 = e i π in the readout stage. The interaction-based readout is a powerful technique for achieving Heisenberg limit via GHZ state without single-particle resolved detection [58-63, 74, 75] , which is now feasible in experiments [76, 78] . Therefore, the final state before the half-population dif-ference can be written as
The final state |Ψ final has analytical form when N is an even number (see Appendix B for derivation).
For J = N/2 is even, it reads
For J = N/2 is odd, it reads
Thus, the expectation of the half-population difference and the square of half-population difference on the final state can be explicitly written as
and
By comparison with individual particles, one of the main frequencies of the bi-sinusoidal oscillation of J 2 z f becomes proportional to the total particle number N = 2J. Similarly, choosing the durations T 1 = T 2 and using FFT analysis, one can get the estimated values of B 1 and B 2 . The FFT spectra of J z f indicate the two main oscillation frequencies are N B1 2 + B2 π and | N B1 2 − B2 π |, see Fig. 3 (a) and (b) for the FFT results with N = 10. This implies that B 1 and B 2 can be simultaneously obtained via the half-population difference measurement and the measurement precision of B 1 can be improved faster with N .
In Fig. 3 (c) and (d) , we show how the measurement precisions for ∆B 1 and ∆B 2 vary with B 1 and B 2 . The optimal ∆B min 1 is located at N B 1 T 1 = kπ while the optimal ∆B min 2 is at the position of N B 1 T 1 = kπ/2. However, they are both insensitive to B 2 .
To confirm the dependence of ∆B 1 and ∆B 2 on the total particle number N , the measurement precision scalings of ∆B min 1 and ∆B min 2 versus N are shown in Fig. 5  (squares) . The measurement precision ∆B min 1 can attain the Heisenberg limit. However, the ∆B min 2 is still exhibit the scaling of SQL. 
C. Entangled particles with two interaction-based operations
Only the measurement precision of DC component can attain the Heisenberg limit is not our ultimate goal. How to make the measurement precisions of DC and AC magnetic fields simultaneously approach the Heisenberg limit? We tackle this problem by introducing another interaction-based operation in the middle of the interrogation stage. That is, we replaceÛ 1 = e −i π 2Ĵ y bŷ U 1 = e i π x is an interaction-based operation along x-axis. To cooperate withÛ 1 , we chooseÛ 2 = e −i π 2Ĵ y e i π 2Ĵ 2 z e −i π 2Ĵ y . The recombination operation is also an interaction-based operation which comprises a nonlinear dynamics sandwiched by two π/2 pulses. By applying this sequence, the final state can be written as
For J = N/2 is even, the two coefficients reads
For J = N/2 is odd, the two coefficients reads
Therefore, the final half-population difference can be written explicitly as
Clearly, the main frequencies of the bi-sinusoidal oscillation of J z f both becomes proportional to N = 2J. In the case of T 1 = T 2 , the FFT of J z f explicitly indicates that the two main oscillation frequencies are N B1 2 + N B2 π and | N B1 2 − N B2 π |, as shown in Fig. 4 (a) and (b) . Moreover, the square of half-population difference is independent on the two parameters, which becomes J 2 z f = J 2 = N 2 /4. According to Eq. (5), the analytical expression of measurement precisions for B 1 and B 2 are
.
The optimal measurement precision ∆B min 1 can be obtained when N B 1 T 1 = (1/2 + k)π and N B 2 T 2 = (2k + 1)π 2 /4, while the optimal measurement precision ∆B min 2 can be obtained when N B 1 T 1 = kπ and N B 2 T 2 = kπ 2 /2. In Fig. 5 (c) and (d) , we show how the measurement precisions for ∆B 1 and ∆B 2 changes with B 1 and B 2 . The ∆B min 1 = 1 N T1 attains the Heisenberg limit, while ∆B min 2 = π 2N T2 preserves the Heisenberg scalings but with a constant π/2. Our analytical results are confirmed by numerical calculations, see Fig. 5 (stars). From FIG. 5. (color online) . The log-log measurement precision scaling versus total particle number for (a) DC magnetic field B1 and (b) AC magnetic field B2. The circles are the results for SCS withÛ1 =Û2 = e −i π 2Ĵ y ; The squares are the results for GHZ state withÛ1 = e −i π 2Ĵ y andÛ2 = e i π 2Ĵ 2 z e −i π 2Ĵ y ; The stars are the results for GHZ state withÛ1 = e i π 2Ĵ 2 x and U2 = e −i π 2Ĵ y e i π Eqs. (25) and (26) , the measurement precisions ∆B 1 and ∆B 2 can exhibit Heisenberg-limited scaling simultaneously. It is obvious that, when N B 1 T 1 = (1 + 2k)π/4 and N B 2 T 2 = (1 + 2k)π 2 /8, one have ∆B 1 = √ 3 N T1 and ∆B 2 = √ 3π 2N T2 simultaneously. Further, one can minimize the sum of variance ∆ 2 B 1 + ∆ 2 B 2 to find out the optimal simultaneous measurement precision for the two parameter. The minima are located in the vicinity of N B 1 T 1 = kπ and N B 2 T 2 = (1 + 2k)π 2 /4, see Fig. 6 (b) . The measurement precisions ∆B sim 1 and ∆B sim 2 both exhibit the Heisenberg-limited scalings with smaller constants simultaneously. According to the fitting results, the optimal simultaneous measurement precisions ∆B sim
2N T2 , as shown in Fig. 6 (c) and (d) (stars). This indicates that our scheme enables one to measure DC and AC magnetic fields approaching the Heisenberg limit simultaneously. x andÛ2 = e −i π 2Ĵ y e i π 2Ĵ 2 z e −i π 2Ĵ y . Here, the total particle number N = 100. The log-log optimal simultaneous measurement precision scaling versus total particle number for (c) DC magnetic field B1 and (d) AC magnetic field B2. The circles are the results for SCS withÛ1 =Û2 = e −i π 2Ĵ y , the black dotted lines are the corresponding fitting curves. The stars are the results for GHZ state withÛ1 = e i π 2Ĵ 2 x andÛ2 = e −i π 2Ĵ y e i π 2Ĵ 2 z e −i π 2Ĵ y , the blue solid lines are the corresponding fitting curves.
IV. SUMMARY
In summary, we have proposed a novel scheme for measuring DC and AC magnetic fields simultaneously. In our scheme, the interrogation stage is divided into two signal accumulation processes and a unitary operation. In the first process, regulating precisely the evolution time T 1 = n 2π ωs , the effective HamiltonianĤ eff1 B = B 1Ĵz is only dependent on DC component B 1 . In the second process, multi-π-pulse sequence is applied for a duration T 2 , in which the DC magnetic field make no contribution to the phase accumulation. Thus, the effective Hamiltonian H eff2
πĴ z becomes only dependent on AC component B 2 . Applying suitable unitary operations in interrogation and readout stages, one can extracting the DC and AC components B 1 and B 2 via the half-population difference measurement.
Based upon the proposed scheme, we have studied the measurement precisions for simultaneous estimation of the DC and AC magnetic field with individual particles and entangled particles. The detailed derivation of how the GHZ state can enhance the measurement precision is analytically given. Especially, by employing the GHZ state as the input state and applying two suitable interaction-based operation, the measurement precisions of DC and AC magnetic fields may exhibit Heisenberglimited scaling simultaneously. This study highlights the multi-π-pulse sequence as a useful technique for quantum sensing of oscillating signals. Our scheme may point out a new way for achieving Heisenberg-limited multiparameter estimation. 
First,
Then,
So, we can unify Eq. (A3) as Eq. (10) in the main text.
APPENDIX B
For simplicity, we consider J = N/2 is even number in here and give the proof of Eq.(15) in the main text. The proof of Eq.(16) in the main text also can be obtained according to this section. First, in the Dike basis, the GHZ state is
Thus, 
Finally, we can unify Eq. (A12) as Eq. (15) in the main text.
APPENDIX C
In this section, we will give the proof of Eq. (19) in the main text. For simplicity, we only consider J = N/2 is even in here. According to the Eq. (A6), we have
Since e i π 2Ĵ 2
x |J, J = e i(π/4+N π/2) |J, J + e −iπ/4 |J, −J ,
and e i π 2Ĵ 2
x |J, −J = e −i(π/4+N π/2) |J, J + e iπ/4 |J, −J ,
we have e i π 
